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Abstract The response of a rod-stabilized, V-shaped, premixed flame to upstream velocity and
equivalence ratio perturbations was characterized as a function of excitation frequency. The response
of the flame to equivalence ratio perturbations was calculated, assuming that the heat release response
is controlled by contributions from three disturbances. These disturbances include flame speed, heat of
reaction and flame area. Using an analytical model, based on linearization of the front tracking equation
for inclined flames, the kinematics of a V-flame anchored on a central obstacle was investigated and
its response was compared with that of a conical flame. The results suggest that the phase response of
the V-flame increases quasi-linearly with excitation frequency, indicating that the fluctuations require a
certain time to reach the flame surface. Longer V-flames exhibit more sensitivity to the convected flow
disturbances. The stronger contribution of the flame-area perturbations in the case of a V-flame, which is
due to the intensified effect of displacement at the tip of the flame, leads to higher values of the overall
response of the flame, compared with that of the conical flame. The flame response to equivalence ratio
perturbations indicates that V-flames behave as an amplifier at a certain range of frequencies, and they
are more susceptible to flow oscillations than conical flames.
© 2011 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
To meet the stringent regulations regarding permissible
emission levels, reduction of NOx emission should be consid-
ered amajor factor in the design process of gas turbine combus-
tors. Lean premixed combustion decreases the adiabatic flame
temperature and consequently reduces the production rate
of NOx emission, which is highly temperature dependent [1].
However, in this operating range, the appearance of thermo-
acoustic oscillations becomes a major concern. These oscilla-
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Open access under CC BY-NC-ND license.tions have adverse effects on performance [2–5] and can sub-
stantially reduce hot section part life [6].
In order to analyze these combustion oscillations, a relevant
description of the flame response to flow perturbations
should be provided. This can be obtained by determining the
transfer function, which describes the amplitude and phase
response characteristics of a flame to equivalence ratio and
velocity perturbations [3,5] at the linear limit. Candel [3] and
Lieuwen [7] have extensively reviewed studies on premixed
flame-flow interactions. Some major mechanisms that have
been reported to have a significant impact on combustion
oscillations are flame area fluctuations driven by acoustic
velocity perturbations [8,9] and equivalence ratio oscillations
[10]. To gain a better understanding of flame dynamics, various
analytical [8,9,11], computational [12,13] and experimental
[9] investigations have been done on premixed flame-flow
interactions in simple flame geometries.
In experiments, the flame heat release response to the
imposed oscillations is usually determined by flame CH*
chemiluminescence. Chaparro et al. [14] measured the global
spontaneous emission of CH* radicals of flame to calculate
the heat release response of premixed V -flames to periodic
upstream velocity oscillations. They reported [14] that the
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frequency range of excitation. Schuller et al. [15] studied the
response of laminar V -flames and conical flames anchored
on an experimental annular burner. In their study [15], the
conical flame, which features relatively weaker and slower
variations of its surface, was reported to be less likely to
excite the acoustical mode of the burner. Durox et al. [16]
characterized the nonlinear features of the flame response to
velocity perturbations bymeasuring the flame transfer function
in four different geometries: conical flame, V -flame, M-flame
and a Collection of Small Conical Flames (CSCF) stabilized on
a perforated plate. This study [16] showed that the response
notably depends on the steady-state configuration of the flame.
In theoretical studies, flame displacement is modeled by
propagation of an infinitely thin interface (flame surface),which
separates the unburned gas mixture from products. The total
heat release rate is assumed to be controlled by variations
in the area of this flame surface that can be determined by
the so-called G-equation, which is a front tracking equation
for the flame position. Using this approach, Fleifil et al. [8]
examined the response of a conical laminar flame stabilized
by a ring in a cylindrical duct, with a uniform distribution of
acoustic velocity along the flame axis. They showed [8] that
the flame behaves like a high-pass filter, in the sense that
high-frequency oscillations pass through the flame without
significantly affecting the heat-release rate. Low-frequency
oscillations, on the other hand, exert a strong influence on the
heat-release fluctuation, as shown in their study [8].
Schuller et al. [12] studied the response of two different
configurations of laminar flame to the incident velocity
perturbations; conical or Bunsen flames anchored by the rim
of a circular duct and a V -flame anchored by a central rod in a
duct. They showed [12] that flame dynamics are governed by
two parameters: a reduced frequency or equivalently the flame
Strouhal number and the flame angle with respect to the flow
direction. Based on some related experimental studies [17,18],
Schuller et al. [12] suggested that the velocity perturbation is
nonuniform along the flame front. This was proposed due to
the significant difference between theoretical and experimental
results, regarding calculation of the flame transfer function
at higher ranges of Strouhal number [9,19]. By considering a
model with a uniform distribution of velocity perturbation and
an axial convective wave along the flame, they showed [12]
that the kinematic approach might be extendable to higher
frequencies.
Several investigations [20–22] have been done to model the
premixed flame response to equivalence ratio perturbations.
Cho and Lieuwen [20] studied the dependence of the equiv-
alence ratio-heat release transfer function upon the Strouhal
number and flame characteristics, for the case of a conical flame.
They suggested that the heat release response is controlled by
the contribution of three disturbances:
1. Fluctuations in the heat of reaction of the incomingmixture.
2. Fluctuations in burning velocity affecting the local heat
release per unit flame area.
3. Perturbations of the flame surface area induced by fluctua-
tions in the burning velocity.
In the sameway, You et al. [23] investigated the combustion re-
sponse of turbulent premixed flames to flow disturbances. They
examined two different configurations; a simple flame and an
enveloped flame that are mostly observed in swirl-stabilized
combustors [24]. They studied the direct effects of flame speed
and heat of reaction oscillations on the unsteady heat releaseFigure 1: Schematic of V -flame geometry used for determination of the flame
transfer function. a: Radius of central rod; b: burner radius, α: flame angle with
respect to the mean flow direction.
fluctuation due to the equivalence ratio disturbances. However,
they did not consider the indirect effects of flame speed per-
turbations on heat release fluctuations,which are accomplished
through the generation of fluctuations in the flame surface area.
Motivated by these, and considering the fact that the
response of the V -flame to equivalence ratio perturbations has
not yet been studied analytically, the objective of the present
study was to determine the response of a V -flame to upstream
velocity and equivalence ratio oscillations, in terms of flame
transfer function dependence upon Strouhal number and the
flame angle. Direct effects of flame speed and the heat of
reaction perturbations on the flame’s heat release, together
with the indirect effect of flame speed, were considered in this
study to compare the flame response characteristics of a V -
flame with that of a conical flame.
2. Analysis
To model the flame’s response, an analysis similar to that of
Fleifil et al. [8] and Cho and Lieuwen [20] was used in this study.
The V -flame geometry is illustrated in Figure 1. The principle
assumptions of the analysis are [20]:
1. The flame is a thin sheet separating the cold reactants and
hot products.
2. The flame is axisymmetric.
3. The flame base remains anchored at its attachment point
(i.e., its position does not fluctuate).
4. Flame displacement is described as a single valued function,
with respect to radial coordinate.
5. The Mach number of the mean flow is very small (M ≪ 1).
Considering the assumptions 1, 2, and 4, the kinematic relation
describing the flame position as a function of the flow velocity
and flame speed is described by the following front tracking
equation [12,20]:
∂ξ
∂t
= u− v ∂ξ
∂r
− Su

∂ξ
∂r
2
+ 1, (1)
where ξ denotes the axial flame position, with respect to the
flame base. Here, Su and t are the laminar flame speed and
time. Also, u and v are the axial and radial components of
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dynamics of the flame can be analyzed by decomposing the
variables into their mean and fluctuating parts and retaining
only the linear terms in fluctuations. Assuming harmonic
oscillations at an angular frequency, ω, for the fluctuating term
yields the following equations for the mean and fluctuating
variables:
u¯ = v¯ dξ¯
dr
+ S¯u

dξ¯
dr
2
+ 1, (2)
iωξ ′(r) = −u′(r)+ v¯ dξ
′
dr
+ v′ dξ¯
dr
+ S¯u

dξ¯
dr

dξ ′
dr
dξ¯
dr
2 + 1 + S
′
u

dξ¯
dr
2
+ 1. (3)
The velocity fluctuation normal to the mean flame front [20] is
denoted by u′n(r) and is given as:
u′n =

u′(r)− v′(r)dξ¯
dr

×

1+

dξ¯
dr
2− 12
. (4)
The flow variables are normalized according to [20].
(uˆ′n, Sˆ
′
u,
ˆ¯u, ˆ¯v, ˆ¯Su) = (u′n, S ′u, u¯, v¯, S¯u)/u¯0,
(ξˆ ′, ˆ¯ξ) = (ξ ′, ξ¯ )/LF , rˆ = rb− a , (5)
where LF = max (ξ(r)) is mean flame length and u¯0 is mean
flow speed at some reference point, such as at r = (b − a)/2
(see Figure 1). The normalized flame front equations are:
ˆ¯u = LF
b− a

ˆ¯v d
ˆ¯ξ
drˆ
+ ˆ¯Suβ(rˆ)

, (6)
dξˆ ′
drˆ
+ p(rˆ)ξˆ ′(rˆ) = q(rˆ), (7)
where:
β(rˆ) =
d ˆ¯ξ
drˆ
2
+

b− a
LF
2
, (8a)
q(rˆ) = (uˆ′n(rˆ)− Sˆ ′u(rˆ))
β(rˆ)
f (rˆ) ˆ¯Su
, (8b)
p(rˆ) = (−iω)(b− a)
f (rˆ) ˆ¯Suu0
= (−i)St |f |mS¯u,0
f (rˆ) ˆ¯Suu0
, (8c)
f (rˆ) =
d ˆ¯ξ
drˆ
β(rˆ)
+ ˆ¯v(rˆ)ˆ¯Su(rˆ)
. (8d)
β in Eq. (8a) is the flame geometry factor and v¯, the mean value
of the radial component of the flow velocity, is assumed to be
negligible. The Strouhal number is defined as the normalized
frequency:
St = ω(b− a)|f |mS¯u,0
, (9)
where |f |m = max(|f (rˆ)|) and S¯u,0 is a reference mean
flame speed considered in the same way as in [20]. Followingthe assumption that the flame base remains anchored at its
attachment point, the solution of Eq. (7) is given by:
ξˆ ′(rˆ) =
∫ rˆ
a
b−a
exp
[∫ η
rˆ
p(τ )dτ
]
×

(uˆ′n(η)− Sˆ ′u(η))
β(η)
f (η) ˆ¯Su(η)

dη. (10)
Fluctuation of the flame speed was assumed to have the
following relation with the perturbation of equivalence ratio:
Sˆ ′u(η) =
dSˆu
dφ

φ¯
φ′(η), (11)
where φ is considered as the equivalence ratio, and φ¯ and φ′
denote themean and fluctuating parts of this equivalence ratio.
2.1. Calculation of flame transfer function
The total heat release response of the flame is considered in
this section. Following Fleifil et al. [8], the global heat release
rate of a flame is written as:
Q (t) =
∫
Af
ρSu∆hRdAf , (12)
where Af denotes the instantaneous flame surface area, and
is obtained by integrating the axial flame displacement over
the entire flame surface. Furthermore, ρ is the density of the
unburned mixture, and 1hR is the heat of reaction per unit
mass of mixture. The differential element of the flame surface
area (dAf ) can be related to the flame position by the following
relation:
dAf = 2πr
1+ ∂ξ
∂r
2 dr = dA¯f + dA′f
= 2πr
1+ ∂ξ¯
∂r
2 dr
+ 2πr
 ∂ξ¯∂r ∂ξ
′
∂r
1+

∂ξ¯
∂r
2
 dr. (13)
As a consequence of the low Mach number assumption, the
density of the reactive mixture is constant, i.e. the equivalence
ratio perturbation occurs at constant density. Fluctuations in
heat release can be decomposed into the separate contributions
of flame speed, heat of reaction and flame surface area
fluctuations, i.e:
Q ′ = Q ′Su + Q ′1hR + Q ′Af .
This relation can be rewritten as:
Q ′
Q¯
=

ρ1h¯RS ′udA¯f
ρ1h¯RS¯udA¯f
+

ρS¯u1h′RdA¯f
ρ1h¯RS¯udA¯f
+

ρ1h¯RS¯udA′f
ρ1h¯RS¯udA¯f
. (14)
Cho and Lieuwen [20] have argued that the first term
of Eq. (14) indicates that flame speed perturbation has a
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to fluctuations of the local consumption rate caused by the
equivalence ratio perturbations, as indicated by Eq. (11).
Eq. (10) indicates that there is also an indirect effect of flame
speed perturbations on heat release fluctuations, which is
accomplished through the generation of fluctuations in the
flame surface area, as indicated by the last term of Eq. (14). On
the other hand, velocity perturbation influences heat release
fluctuations, due to the disturbances that are exerted on the
instantaneous flame position and consequently on the flame
surface area through the last term of Eq. (14). To see the above
contributions, Eq. (14) is manipulated to be expressed in the
following form [20]:
Q ′
Q¯
=
 b
b−a
a
b−a
g( ˆ¯ξ(rˆ), St)drˆ b
b−a
a
b−a
ˆ¯Su1h¯Rβ(rˆ)rˆdrˆ
, (15)
where:
g( ˆ¯ξ(rˆ), St) = 1h¯R

∂ ˆ¯ξ
∂ rˆ

rˆ
uˆ′n(rˆ)
f (rˆ)
+
d(1h¯RSˆu)
dφ

φ¯
β(rˆ)
− 1h¯R
f (rˆ)

∂ ˆ¯ξ
∂ rˆ
 
dSˆu
dφ

φ¯
 rˆφ′(rˆ)
+ (iSt)

∂ ˆ¯ξ
∂ rˆ

1h¯R rˆ|f |m ˆ¯Su,0ξˆ ′(rˆ)
f (rˆ)β(rˆ)
. (16)
The three terms on the right-hand side of Eq. (16) describe the
heat release response to coupled perturbations in flow velocity,
equivalence ratio and flame displacement, respectively. The
flame displacement perturbation is a function of flow velocity
and equivalence ratio as shown in Eqs. (10) and (11).
2.2. V -flame response to the velocity and equivalence ratio
perturbations
The prior section presented general results for the heat
release response of a flame to equivalence ratio and velocity
perturbations. In this section, we present explicit results for
a V -shaped flame anchored on a central rod of radius (a),
placed in a burner of radius (b), for a mixture of methane-air
at atmospheric conditions with P0 = 1 bar and T0 = 300 K
(see Figure 1). The mean value of the V -flame position is given
by:
ˆ¯ξ(rˆ) = ξ¯
LF
= r − a
b− a = rˆ −
a
b− a ,
rˆ = r
b− a ;
a
b− a ≤ rˆ ≤
b
b− a . (17)
Considering α as the flame angle, with respect to the mean
flow direction, the expression for β (flame geometry factor) in
Relation (8a) can be rewritten as:
β =

1+

b− a
LF
2
= 1
cosα
. (18)The Strouhal number is defined as the normalized frequency,
St = βω(b − a)/S¯u,0 = (β2ωLF )/u¯. In this description, S¯u,0,
which is the reference mean flame speed, can be replaced by
S¯u, since it is assumed that S¯u is spatially uniform (see Eq. (6)).
The equivalence ratio disturbance is assumed to be convected
by the mean flow as given below:
φ′(η) = φ′b exp
[
iωξ¯(η)
u¯(η)
]
= φ′b exp
[
iSt
β2

η − a
b− a
]
(19)
where φ′b denotes the value of the perturbation at the base of
the flame. We assume that the velocity perturbation consists of
a uniform and an axially convected component. So, the velocity
perturbation, uˆ′n(rˆ), in the first term of Eq. (16) is given by:
uˆ′n(rˆ) = uˆ′n,uni + uˆ′n,cv exp
[
iSt
β2

rˆ − a
b− a
]
, (20)
where uˆ′n,uni and uˆ′n,cv denote uniform and convected velocity
perturbations, respectively. The uniform velocity perturbations
represent the disturbance of a flame by a long wavelength
acoustic perturbation, as shown by Fleifil et al. [8]. However,
based on the studies of Schuller et al. [12], the axially convected
velocity perturbations represent the propagation of a vortical
disturbance along the flame. These vortical disturbances
are usually generated because of the upstream velocity
perturbations, due either to fluid mechanical phenomena, such
as vortex shedding off a flame holder or to interaction of the
combustor with upstream or downstream hardware [14]. Both
uniform and convected velocity perturbations are considered
to improve the theoretical predictions of the flame transfer
function at higher frequencies.
Substituting Eq. (19) into Eq. (11) and the obtained result
plus Eq. (20) into Eq. (10) and subsequently substituting the
obtained result from Eq. (10) into Eq. (15) yields the following
expression for the flame transfer functions:
Q ′
Q¯
=

uˆ′n,uni
ˆ¯Su

Fu,uni +

uˆ′n,cv
ˆ¯Su

Fu,cv +

φ′b
φ¯

Fφ, (21)
where Fu,uni represents the flame response to the uniform
acoustic velocity perturbations and Fu,cv expresses the flame
response to the axially convected velocity perturbations, due
to the propagation of vortical disturbances along the flame.
The flame response to the equivalence ratio perturbations is
represented by Fφ . These transfer functions can be rewritten as
the following relations:
Fu,uni =

Q ′u,uni
Q¯

uˆ′n,uni
ˆ¯Su
−1
= 2
St2
b− a
b+ a

(iSt)
[
a
b− a −
b
b− a exp(iSt)
]
+ exp(iSt)− 1

, (22)
Fu,cv =

Q ′u,cv
Q¯

uˆ′n,cv
ˆ¯Su
−1
= −2β
2
St2(β2 − 1)
b− a
b+ a
×

(iSt)
b
b− a
[
exp(iSt)− exp

iSt
β2
]
+ [1− exp(iSt)] + β2
[
exp

iSt
β2

− 1
]
, (23)
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Q ′φ
Q¯

φ′b
φ¯
−1
= FH + FS = FH + (FS,dir + FA). (24)
Eq. (24) indicates that the equivalence ratio perturbations exert
two distinct effects on heat release. The first term, FH , is due to
perturbations in the heat of the reaction and the second term,
FS , is due to perturbations in flame speed. Furthermore, the
flame response to the flame speed perturbations can be divided
into the response due to the direct effect of equivalence ratio
perturbations on flame speed, FS,dir, and the indirect effect of the
equivalence ratio perturbation on the flame surface area, FA, due
to the perturbations of flame speed. These transfer functions are
given as:
FH = d(1hR/1h¯R)
d(φ/φ¯)

φ¯
2β2
St2
b− a
b+ a
×

(iSt)
[
a
b− a −
b
b− a exp

iSt
β2
]
+ β2
[
exp

iSt
β2

− 1
]
, (25)
FS,dir = d(Su/S¯u)
d(φ/φ¯)

φ¯
2β2
St2
b− a
b+ a
×

(iSt)
[
a
b− a −
b
b− a exp

iSt
β2
]
+ β2
[
exp

iSt
β2

− 1
]
, (26)
FA = d(Su/S¯u)
d(φ/φ¯)

φ¯
2β2
St2(1− β2)
b− a
b+ a
×

(iSt)
b
b− a
[
exp

iSt
β2

− exp(iSt)
]
+ [exp(iSt)− 1] − β2
[
exp

iSt
β2

− 1
]
. (27)
The above equations state that Fu,cv and Fφ are functions of
Strouhal number, flame angle, and rod and burner radii. In
contrast, Fu,uni is only a function of the Strouhal number and
burner dimensions, due to the assumption of spatially uniform
acoustic velocity perturbations.
Regarding Eqs. (25)–(27), to determine the dependency of
flame speed and heat of reaction perturbations upon the equiv-
alence ratio fluctuations, explicit relations should be presented.
In order to do this, a quasi-steady relationship between equiv-
alence ratio and flame speed (or heat of reaction) is assumed.
In other words, d(Su/S¯u)/d(φ/φ¯) and d(1hR/1h¯R)/d(φ/φ¯) are
considered to be independent of frequency. For a mixture of
methane-air at atmospheric condition, the following correla-
tion can be used to quantify the dependence of the heat of re-
action and flame speed upon the equivalence ratio [25]:
Su(φ) = AφBe−C(φ−D)2 (m/s), (28)
where A = 0.6079, B = −2.554, C = 7.31 and D = 1.230.
1hR(φ) = 2.9125× 10
6 min(1, φ)
1+ 0.05825φ (J/kg). (29)
3. Results and discussion
A V -flame anchored on a thin central rod is considered. This
condition corresponds to the limiting case of a large burnerFigure 2: Dependence of the magnitude of V -flame transfer function upon
Strouhal number (LF/(b− a) = 1, (α = 45°) and φ¯ = 1).
Figure 3: Dependence of the phase of V -flame transfer function upon Strouhal
number (LF/(b− a) = 1, (α = 45°) and φ¯ = 1).
radii (b) compared to the radius of central rod (b/a ≫ 1).
The variation of the flame transfer function, with respect to the
Strouhal number, is presented. Figure 2 shows themagnitude of
Fφ , FS , FH and Fu,uni. It indicates that Fu,uni and FH have an almost
similar behavior, especially at higher excitation frequencies. FH
decreasesmonotonically from itsmaximum response at St = 0,
whereas FS increases from its trivial value at St = 0 and reaches
amaximumof about 1.7 around St∼5. As a consequence, at low
Strouhal numbers (St ∼ 0), the heat of reaction has a dominant
contribution to Fφ .
The variations in phase of Fφ , FS , FH and Fu,uni are plotted in
Figure 3. The phases of all transfer functions increase almost
linearly with St , whereas for the case of Fu,uni, the phase
increases with a higher slope than those of other transfer
functions. This is because the required time for acoustic velocity
fluctuations to reach the flame surface is different from that of
the disturbances of the equivalence ratio.
Considering Figures 4 and 5, the trivial value of FS , around
St ∼ 0, could be due to the cancellation of the contributions
from FS,dir and FA, which have equal magnitudes, but opposite
phases at lower limits of Strouhal number. This behavior is the
same as that of conical flames at the limit of zero excitation
frequencies [20]. In other words, flame speed and flame area,
in the case of a V -flame, fluctuate with the opposite phase at
the limit of zero excitation frequency, with the same behavior
as that of the conical flame [20]. This is because, in this range of
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FS,dir , and flame area, FA , fluctuation (LF/(b− a) = 1, (α = 45°) and φ¯ = 1).
Figure 5: Phase of V -flame transfer function due to direct flame speed, FS,dir ,
and flame area, FA , fluctuation (LF/(b− a) = 1, (α = 45°) and φ¯ = 1).
frequencies (St ∼ 0), the flame length remains much less than
thewavelength of convective disturbances, such as equivalence
ratio fluctuations. As a consequence, flame response would be
independent of flame configuration. In other words, both the
V -flame and the conical flame may exhibit a similar response
at the limit of zero excitation frequency, around St ∼ 0.
To gain a better understanding of the flame’s zero response
to flame speed perturbation, around St ∼ 0, it should be
considered that the long time scale perturbations can influence
the flame’s local consumption rate, whereas the resultant heat
release perturbationwould be exactly balanced by the resultant
variations in flame area.
Considering Figure 4, FS increases with Strouhal number
from zero because the phase difference between the terms
FS,dir and FA decreases with Strouhal number until the point
where this phase difference becomes negligible, around St ∼ 8.
As such, these two terms add constructively to enhance the
combined flame speed term, FS . FS reaches a global maximum
at St ∼ 5, where the two terms, FS,dir and FA, add together
in the most constructive manner and reinforce each other.
As the Strouhal number increases further, FS decreases in an
oscillatory pattern, due to the alternating phase difference
between FS,dir and FA and their decreasing magnitudes.
It is noteworthy that the magnitude of FA vanishes at
some values of St , such as St ∼12.5, 25. This might be dueto the propagation of equivalence-ratio oscillations, which
exert spatial variations along the flame front. This can lead to
generation of heat-release disturbances at different points of
the flame that are out of phase with each other. Consequently,
in certain frequencies, these local heat-release disturbances
can destructively cancel each other out, so that the resulting
response equals zero.
The magnitude of Fφ in Figure 2 also increases until
St ∼ 5, with the same behavior as FS , and decreases in
an oscillatory manner with further increasing St , due to the
alternating magnitudes of FH and FS . Actually, the behavior
of Fs is complex, due to the contribution of the flame’s
position and the resultant variation of flame surface area. In
addition, the contributions from perturbations in Fs,dir and FA
constructively and destructively interfere, depending on the
frequency of oscillations. The oscillatory pattern of Fs at higher
Strouhal numbers is due to the constructive and destructive
contributions of Fs,dir and FA.
It should also be noted that the trend of variation in
magnitude of Fu,uni upon Strouhal number in the case of a
V -flame (see Figure 2) is similar to that of the conical flame
obtained in previous related studies [12,20]. This is due to the
identical expressions that are obtained for calculations of this
magnitude in both flame configurations. At the limits of large
burner radii (b) compared to the radius of the central rod,
considering Eq. (22) in the present study, together with Eq. (31)
in the study of Cho and Lieuwen [20] or Eq. (22) in Ref. [12], the
calculated magnitude of Fu,uni can be written as follows:
|Fu,uni| = 2St2

2+ St2 − 2 cos(St)− 2St sin(St). (30)
It is also worth noting that the obtained Relations (22) and (23)
for Fu,uni and Fu,cv in the present study, respectively, coincide
with Expressions (30) and (33) presented in [12], by using a
different modeling approach. On the other hand, variation in
the phase of Fu,uni for the case of a V -flame exhibits different
characteristics from those of the conical flame [12,20]. The
phase response of the conical flame (phase of Fu,uni) starts from
zero at St = 0, whereas it increases to and oscillates around 90°
for the higher ranges of Strouhal number [20]. On the contrary,
in the case of V -flames, the phase evolves quasi-linearly with
Strouhal number. This indicates that the fluctuations require a
certain time to reach the flame surface in the case of V -flames.
This result was also experimentally confirmed by a previous
related study [16].
Variations in magnitude of Fφ and FH , versus the flame
Strouhal number, in the case of V -flames, are compared with
those of conical flames in Figure 6. Results of conical flame
response are obtained from the study of Cho and Lieuwen [20].
The responses of V -flame and conical flame, with the same
flame length, to disturbances of heat of reaction exhibit a similar
trend for the whole range of frequency. This is due to the
identical relations obtained for calculation of the magnitude of
FH in both flame configurations. This expression is given as:
|FH | = d(1hR/1h¯R)
d(φ/φ¯)

φ¯
2β4
St2

2+

St
β2
2
− 2 cos

St
β2

− 2

St
β2

sin

St
β2
0.5
. (31)
On the contrary, the phase of FH for the conical flame starts from
zero, at St = 0, and tends to be saturated around 90° for higher
ranges of Strouhal number [20]. However, the phase of FH , in the
R. Riazi, M. Farshchi / Scientia Iranica, Transactions B: Mechanical Engineering 18 (2011) 913–922 919Figure 6: Magnitude of the flame response to equivalence ratio perturbations
for a conical [20] and V -flame (α = 45° and φ¯ = 1).
Figure 7: Phase of the flame response to equivalence ratio perturbations for a
conical [20] and V -flame (α = 45° and φ¯ = 1).
case of V -flames, evolves quasi-linearly, withΦ ∼ St/β2, by an
increase in frequency (See Figure 7). Here,Φ denotes the phase
of flame transfer function. Figure 6 also indicates that Fφ , in the
case of V -flames, increases with a higher overshoot compared
to the conical flame. As the Strouhal number increases further,
Fφ decreases in a stronger oscillatory pattern, in the case of
the V -flame, with higher amplitude in each cycle of oscillation.
Fφ reaches a global maximum around St ∼ 5 for both flame
configurations.
Figures 8 and 9 plot the dependence of the flame transfer
function upon Strouhal number for two flame configurations.
It is shown that the magnitude of FS for the V -flame increases
with Strouhal number to a higher value than that of the
conical flame. The magnitude of FS for the V -flame increases to
values of greater than unity, at a certain range of frequencies,
due to the constructive interference between Fs,dir and FA.
As the Strouhal number increases further, FS decreases in a
stronger oscillatory pattern, in the case of the V -flame. For
both cases, Fs,dir exhibits identical behavior, which is due to
the similar relations obtained for calculation of the magnitude
of Fs,dir in both flame configurations. The higher value of FS
for the V -flame is due to the stronger contribution of FA,
compared with that of the conical flame. The higher amount
of FA, in the case of the V -flame, is because of the relatively
stronger and faster variation of its surface, due to propagation
of the equivalence ratio perturbation along the flame. ThisFigure 8: Magnitude of the flame speed transfer function versus Strouhal
number for conical [20] and V -shaped flame (α = 45° and φ¯ = 1).
Figure 9: Phase of the flame speed transfer function versus Strouhal number
for conical [20] and V -shaped flame (α = 45° and φ¯ = 1).
was also proposed by another related experimental study [15].
Hereafter, Fs,dir, for conical and V -flames, will be denoted by
Fs,dir (Con) and Fs,dir (V -flame), respectively. The phase of Fs,dir
(Con) exhibits a saturation behavior at π/2 (around 90°) for
large Strouhal numbers, whereas the phase of Fs,dir (V -flame)
increases linearly withΦ ∼ St/β2 (for the flame with α = 45°,
this phasewould beΦ ∼ St/2), at the higher ranges of Strouhal
number (see Figure 9). It is also interesting to note that the
phase of Fs (Con) exhibits phase saturation at π/2 for large
Strouhal numbers. However, the phase of Fs (V -flame) increases
in a quasi-linear manner around Φ ∼ St/2∗[(β2 + 1)/β2] (for
the flame with α = 45°, this value would beΦ ∼ 3St/4).
Figures 10–13 indicate the effects of the ratio of flame length
to the burner gap, LF/(b − a), on the flame transfer function.
These figures are shown for some values of LF/(b − a) such
as 0.3, 1, 3, and 20 (corresponding to α ∼ 73°, 45°, 18° and
3°, respectively). The above-mentioned values were chosen in
order to compare the results with those of the conical flames
obtained from the study of Cho and Lieuwen [20], considering
φ¯ = 0.6. As illustrated in Figures 10 and 12, the behavior of the
magnitude of transfer functions for V -flames and conical flames
are independent of the value of LF/(b− a) at the lower limit of
excitation frequency, around St ∼ 0. This behavior, in the case
of conical flames, was also reported previously in [20].
This flame’s behavior could be explained by considering the
definition of St as the ratio of flame length to the wavelength
920 R. Riazi, M. Farshchi / Scientia Iranica, Transactions B: Mechanical Engineering 18 (2011) 913–922Figure 10: Magnitude of the flame transfer function versus Strouhal number
for conical [20] and V -shaped flame (LF/(b − a) = 0.3, 1 (α = 73°, 45°) and
φ¯ = 0.6).
Figure 11: Phase of the flame transfer function versus Strouhal number for
conical [20] and V -shaped flame (LF/(b − a) = 0.3, 1 (α = 73°, 45°) and
φ¯ = 0.6).
Figure 12: Magnitude of the flame transfer function for conical [20] and V -
shaped flame (LF/(b− a) = 3, 20 (α = 18°, 3°) and φ¯ = 0.6).
of convective disturbances. For the lower range of excitation
frequency (i.e., St ∼ 0), the flame length remains much less
than a convectivewavelength. In consequence, the flamewould
not be sensitive to propagation of convective perturbations, andFigure 13: Phase of the flame transfer function for conical [20] and V -shaped
flame (LF/(b− a) = 3, 20 (α = 18°, 3°) and φ¯ = 0.6).
the flame front will appear as a discontinuity to the convective
wave. In other words, for frequencies around St ∼ 0, the flame
response would be independent of flame length.
An increase in Strouhal number to the higher values leads
to an increase in Fφ to its maximum of about 6 to 7, around
St ∼ 5, for the case of V -flames. With further increase of St , the
flame transfer function decreases in an oscillatory pattern for
the cases of LF/(b− a) = 0.3, 1. It is indicated in Figure 10 that
the maximum value of the transfer function is higher for the
longer V -flame, with LF/(b−a) = 1. This result is in contrast to
the obtained results for the case of the conical flame. In conical
flames, the maximum value of flame response was reported to
be higher for shorter flames [20].
It should be noted that for longer V -flames, the flame length
may be of the same order or longer than a convective wave-
length. Thus, a convected disturbance, such as an equivalence-
ratio oscillation, may lead to local heat release perturbations
along the flame front, which could simply be added to gener-
ate a high value of flame response at a broad range of excitation
frequencies. As a consequence, longV -flames are quite sensitive
to any low frequency perturbations and keep their high value of
response over a large range of frequencies.
Short V -flames (LF/(b − a) = 0.3, 1), on the other hand,
exhibit more oscillatory patterns in the gain of their response
relative to the conical flames (see Figure 10). These oscillations
might be due to the constructive and destructive interference
between the contributions of FS,dir and FA. However, the
oscillations vanish at higher Strouhal numbers. The phase
results in Figures 11 and 13 also showamore oscillatory pattern
for shorter V -flames. For higher Strouhal numbers, the phase
response of all V -flames oscillates around a certain value of Φ ,
as given in Eq. (32). The results suggest that the phase behavior,
for larger values of excitation frequency, depends on the flame
angle and mean equivalence ratio (φ¯).
Φ = tan−1
 Ψ cos

St
β2

− Γ cos(St)
−Ψ sin

St
β2

+ Γ sin(St)
 , (32)
where:
Ψ = − d(1hR/1h¯R)
d(φ/φ¯)

φ¯
+

β2
1− β2

d(Su/S¯u)
d(φ/φ¯)

φ¯
,
Γ =

1
1− β2

d(Su/S¯u)
d(φ/φ¯)

φ¯
. (33)
R. Riazi, M. Farshchi / Scientia Iranica, Transactions B: Mechanical Engineering 18 (2011) 913–922 921Figure 14: Magnitude of the flame response to convected velocity perturba-
tions for a conical [20] and V -shaped flame (LF/(b − a) = 0.1, 0.5 (α = 84°,
63°) and φ¯ = 1).
The dependence of Fu,cv upon St for various values of LF/(b−a)
are shown in Figures 14–17. The results of the magnitude and
phase of Fu,cv for three flame angles of α = 15°, 50°, and 88°
were similar to those obtained in the study of Schuller et al.
[12] (not shown here). To investigate the various features of
V -flames and conical flames, the results of Fu,cv , for V -flames
with angles of α = 11°, 45°, 63° and 84°, are compared
with those of conical flames obtained in the study of Cho and
Lieuwen [20].
It is important to note that the response of conical flames
to convected velocity perturbations has a value of unity at zero
frequency and decays with frequency, as shown in Figures 14
and 16. In contrast, for long V -flames with LF/(b − a) > 0.5,
the magnitude of Fu,cv exceeds unity and shows an oscillatory
behavior at a certain range of frequency. This increase in gain
to values of greater than unity for long V -flames was also
predicted previously by Schuller et al. [12]. For longer V -flames
(LF/(b − a) ≥ 1), the range of frequency at which the gain
keeps a value higher thanunity increases. This indicates that the
longerV -flames aremore sensitive to axially convected velocity
perturbations. For LF/(b − a) = 5 (α = 11°), the V -flame
response shows a resonance-like behavior, where it does not
decreasewith St , but tends towards a constant value of two (see
Figure 16). This casemay correspond to the coincidence of flame
front and convected velocity disturbances. For long V -flames
(with α < 45°), the phase response (see Figure 17) increases
linearly, around Φ ∼ St/2∗[(β2 + 1)/β2] for large values of
Strouhal number.
4. Conclusion remarks
The objective of the present study was to examine the
response of a premixed V -flame to the upstream velocity and
equivalence ratio oscillations, and to compare these results
with those of a conical flame. The flame-speed disturbances
were considered to influence the heat-release perturbations by
generating perturbations in both flame area and consumption
rate.
The results show that in the case of V -flames, the phase
response evolves quasi-linearly with Strouhal number, which
was also confirmed by a previous related study [16]. This
indicates that the fluctuations require a certain time to reach
the flame surface. V -flames aremore sensitive to the convected
velocity and equivalence ratio perturbations than conicalFigure 15: Phase of the flame response to convected velocity perturbations for
a conical [20] and V -shaped flame (LF/(b − a) = 0.1, 0.5 (α = 84°, 63°) and
φ¯ = 1).
Figure 16: Magnitude of the flame response to convected velocity perturba-
tions for a conical [20] and V -shaped flame (LF/(b − a) = 1, 5 (α = 45°, 11°)
and φ¯ = 1).
Figure 17: Phase of the flame response to convected velocity perturbations for
a conical [20] and V -shaped flame (LF/(b−a) = 1, 5 (α = 45°, 11°) and φ¯ = 1).
flames, and by an increase in flame length, this susceptibility
enhances. For certain long V -flames, the response of the
transfer function to convected velocity perturbations exhibits
a resonant-like behavior. This might be due to the coincidence
of the flame front and the convected velocity perturbation.
922 R. Riazi, M. Farshchi / Scientia Iranica, Transactions B: Mechanical Engineering 18 (2011) 913–922The higher value of the overall response of the V -flame
to equivalence ratio perturbations is due to the stronger and
faster variation of its surface during propagation of these
disturbances along the flame. In other words, the contribution
of flame tip displacement on the fluctuations of the flame
surface, in the case of the V -flame, is stronger than that of
the conical flame. As a consequence, conical flames have a
limited degree of freedom and are relatively more stable to the
upstream flow perturbations. The results suggest that V -flames
are able to amplify flowperturbations, such as equivalence ratio
disturbances, at certain frequency ranges, indicating that they
are more susceptible to combustion instabilities than conical
flames.
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